We study an extension to a recent class of F (K) gravity model, which gives MOND-like effects in galaxies but in co-variant form, especially including a previously neglected K 4 term. These models have fewer degrees of freedom than Bekenstein's (2004) TeVeS theory due to a fixed norm of the time-like vector field in the physical metric. We derive the Einstein Equations in the perturbed form, which are needed for simulating structure growth in an FRW universe to test such theories. We compare our equations with special cases given in the literature. An application of a special case of the model has been given in Zhao (2007) , which shows the promise of such models to resemble the ΛCDM cosmology.
Introduction
General Relativity (GR) is actually a special case and minimal construction of a range of theories describing the metric of a plausible universe. While completely adquate on small scales, GR by itself predicts a missing mass and missing energy compared to astronomical obsevations of the metric of the universe on the scale of Kpc to Gpc. While the missing mass is arguably explained by particle physics, the missing energy almost certainly cannot be explained unless the present universe is immersed in an exotic field. One wonders if the new field is itself part of the gravity physics, since its effect is only seen when gravity is very weak.
Quantum gravity and string theory often predict a non-trivial coupling of vector field, which violates CPT symmetry satisfied by standard physics. It has been considered by Will & Nordvedt (1972) that a vector field can be coupled to the space-time metric. This creates a "preferred frame" in gravitational physics. A global violation is undesirable, but a local violation is allowed. A four time-like vector-field with a non-vanishing time component would select a preferred direction at a given space-time coordinate. It is like a fluid present everywhere (henced called Einstein-Aether). If such a vector coupling to matter is zero or small, then it can evade current experimental detection (e.g. the CPT violation experiments in Princeton). There have been an increase of interests about such vectors in recent years, especially works by Kostelecky and co-workers (1989, 2004) , Foster & Jacobson (2006) and co-workers, Lim (2005) and co-workers, Bekenstein (2004) , Sanders (2005) , and Zlosnik, Ferreira et al. (2006 , 2007 and co-workers. e.g., Foster & Jacobson (2006) noted that a solar system immersed in a unit time-like vector field (called Einstein-Aether, or AE) of small enough mass coupling to the metric is apparently consistent with current measurements of PPN parameters. Carroll & Lim (2004) noted that such a field can have effects on the Hubble expansion. Inspired by these ideas, several workers especially Bekenstein (2004) , Sanders (2004) and Zlosnik et al. (2007) proposed to extend the application to galaxy scale to use it to explain missing matter (Dark Matter). Many have constrained the theory using empirical astronomical data (Famaey & Binney 2005 , Zhao & Famaey 2006 , Zhao 2006 , including gravitational lensing , Angus et al. 2007 ). Most recently Zhao (2007) found a simple Lagrangian within these frameworks to give rise to the DM-DE effects of the right amplitude, offering a possible explanation of coincidence of DE scale and DM scale in ΛCDM cosmology.
Here we give the full field equations for a general form of the vector field. We include a non-dynamical scalar field. Most importantly we derive the equations governing perturbation growth in the FRW universe.
To build a co-variant theory, one starts with the Einstein-Hilbert action used for GR
where the light speed is c = 1, and G N is the gravitational constant, and g is the determinant of the metric g αβ . The signature taken here is (−, +, +, +). R is the Ricci scalar, describing the curvature of spacetime. S M is the matter action that describes the matter distribution.
Variation of this action with respect to the metric gives the Einstein equations:
where
g αβ R is the Einstein tensor, and T matter αβ
: the stress-energy tensor of matter defined by:
. This tensor describes the matter distribution. In the following we will add new fields and terms to the Einstein-Hilbert action.
Aether Lagrangian
To write down an action for a vector-metric theory, one can look for a Lagrangian scalar density (scalar so that it is independant of the volume of integration in the action) which will, for considerations of simplicity, give a linear equation for the vector field and second order equations at most. The most general Lagrangian scalar density is thus:
where the a i = a i (Λ) being functions of the scalar field Λ (a special case would be a constant).
All the possible combinations of indices for the quadratic terms in covariant derivatives are present here. One can notice that the Aether part of the Lagrangian density involves covariant derivatives and thus Christoffel symbols containing first derivatives of the metric, so this part of the action will contribute to the metric kinetic terms too.
But one can simplify this Lagrangian density. First, the difference between the a 6 term and a 7 term is the a 4 term plus a term like
, ie a total divergence, which will thus contribute just by a boundary term, according to the Stokes theorem. We can therefore choose not to consider the term in a 4 assuming a 467 is nondynamical; no explicit dependence on its momentum ∇a 467 (Λ).
For Lorentz invariance to be broken locally, one can choose to fix the norm of the vector
so that it will always have a non-vanishing time-like component and will therefore always be Lorentz-violating. The additionnal constraint can be enforced in a maybe non-appealing way, i.e. using a non-dynamic Lagrange multiplier λ, but will also simplify the equations a lot.
If one fixes the norm, the terms in a 2 and a 3 play thus the same role as the one respectively in a 0 and a 1 and are thus we set a 2 = a 3 = 0. Together with a 4 = 0, we are left thus left with:
Clearly GR is a special case with a 1 = 1, a 5 = a 6 = a 7 = a 8 = 0. Models with a 1 = 0 = a 5 = a 6 = a 7 = a 8 are equivalent to the F (R) theories. Such theories have been widely studied for its dark energy implications, but is constrained in the solar system. A simple but more general case would be a Langranian where we set a 1 : a 5 : a 6 : a 7 : a 8 = 1 : C 1 : C 2 : C 3 : C 4 , where C i are constants, so all coefficients are proportional to each other by a common function a 1 (Λ), we can factor L = a 1 (Λ)(R + K) − 2Λ with respect to Λ, we can relate a 1 (Λ) or Λ with R + K, hence rewrite L as function of Λ or as function F (R + K). We call such models as F (R + K) models.
For our purpose here we will consider R + F (K) models by which we mean a 1 = 1 and a 5 : a 6 : a 7 : a 8 = c 1 : c 2 : c 3 : c 4 , where c are constants. One can redefine variables so that the final total action is
This action is similar to what was considered by Jacobson, Eling and Mattingly, except for the dependence on the scalar field Λ through the non-linear F -function. Notice that dropping the terms in c 2 and c 4 and considering c 3 = −c 1 , we find K
F ασ F ασ , where F ασ is the antisymmetric Maxwell tensor defined by F ασ = ∇ α A σ − ∇ σ A α . This simplification was used by Jacobson and by Bekenstein in TeVeS. Models with c 4 = 0 have been studied by Zlosnik et al. (2007) without giving the full equations.
We will concentrate on R + F (K) models with a c 4 term. For this paper we don't consider a dynamical Λ. So we have 3 added degrees of freedom from the unit vector only.
Fields equations for R + F (K) models
In this section we rederive the equations as given in Zlosnik et al. F (K) . Their basic equations apply to c 4 as well. In a sequent paper we will give more general results, including models like F (K + R).
What must be borne in mind when carrying out the variations is that the two dynamical degrees of freedom considered are the inverse metric g µν and the contravariant Aether vector field A µ . The contravariant Aether is chosen (and not the covariant one) just because once one has chosen to variate the action w.r.t. g µν , the result of this variation will be simpler seeing the form of K αβ γσ because we have :
where we used the fact that
The vector equation is obtained by varying the action w.r.t. A µ :
which we define
αβ σγ ∇ β A γ , due to the symmetry here in K.
To get the Lagrange multiplier λ, we multiply the equation by A β and contract. Once λ is known, the equation (which has four components β = 0, 1, 2, 3) yields three constraint equations for the vector. Variating the action w.r.t. λ will give the constraint on the norm:
For the variation of the action S = d 4 x √ −gL w.r.t. the contravariant metric, one must notice that
g αβ L where one uses the fact that: δg = gg µν δg µν = −gg µν δg µν , g being the determinant of the contravariant metric.
The symmetry of K αβ σγ simplifies the equations:
with Y αβ a functionnal derivative defined by:
The variation of the covariant derivative of the contravariant Aether requires to variate the Christoffel symbol (only):
And we have δ Γ
, so one eventually find
dropping divergence terms which would once more contribute only by boundary terms. The brackets denote symmetrization, ie for instance
Putting these together and use
we find
where T
Aether αβ
is the Aether stress-energy tensor
Exploring different regimes
With above equations of motion we consider a Friedman-Robertson-Walker (FRW hereafter) pertubed metric such that
This metric is a perturbed form of the one of a homogeneous and spatially isotropic universe of the scale factor a(t) ds
2 ) by setting ǫ = 0; the unperturbed metric is also spatially flat here, i.e. with no curvature parameter. The potentials φ and ψ are Newtonian gravitational potentials (which are identical in the non-relativistic limit); we can recover the non relativistic limit by neglecting time derivatives and taking a(t) = 1 to have ds 2 = −(1 + 2ǫφ)dt 2 + (1 + 2ǫψ)(dx 2 + dy 2 + dz 2 ).
In the following, the equations are developed up to orders in ǫ, but ǫ is not kept for a lighter expression.
Einstein tensor: Up to linear order in ǫ we find
..
Aether field: We take a homogenous and spatially isotropic universe for the background, so the Aether must, in the background, respect this isotropy for the modified Einstein equations to have solutions, so only the time component can be non zero. The constraint on the norm is g αβ A α A β = −1 so in the background, we take A α = δ α 0 and one can then expand it and write:
The constraint on the total vector fixes B 0 = −φ with the perturbed form of the metric.
We can also derive ∇A up to linear order in ε, whose non-vanishing components are
Matter: For matter fields, we can take
which is the stress-tensor of a perfect fluid without any anisotropic stress, with a density ρ, a pressure P and with u µ the fluid four-velocity satisfying g µν u µ u ν = −1. If we consider a nonrelativistic fluid, ie with no spatial components of u µ , for this metric: u µ = (−1 − ǫφ, 0, 0, 0).
With this metric we have thus:
Following we carried out the calculations of the Einstein equations up to linear order analytically with this metric.
General perturbed metric
We take a covariant Aether A µ = g µν A ν = (−1 − ǫφ, ǫB x , ǫB y , ǫB z ). We consider first the case where the only non-vanishing component of A is A 0 . We then add the contributions of spatial components. Note also that any term F and its derivatives contain implicitly an unperturbed part and a perturbed part. We define α ≡ c 1 + 3c 2 + c 3 , and define ∂ 2 i = ∂ i ∂ i . Kinetic scalar: We get for K = K ns + K sp , where
where we dropped the 2nd order terms +
The spatial term up to linear order is
The full expression up to 2nd order is too lengthy and is shown elsewhere (Halle 2007).
The vector equation gives the Lagrange multiplier λ = λ ns + λ sp where
where we could drop a 2nd order term −3c 2ȧ
Density and pressure equations: The 00 component of the Aether stress-energy tensor T Aether 00 = T ns 00 + T sp 00 , where
Replacing λ, we have,
where we could drop a 2nd order term
Thus we can write the 00 Einstein equation with T matter 00 = (1 + 2φ) ρ as
where we moved the F term to the RHS, and divided the factor (1 + 2φ). Note M 2 F or 8πGρ have a non-zero cosmic mean value of order H 2 . The perturbation δF = F ′ δK, where δK given previously by the 1st order terms of K.
The spatial diagonal terms satisfy T (36) where we could drop a 2nd order term −α H ∂ i F ′ B i .
Since for matter T matter ii = a 2 (1 + 2ψ) P , the modified pressure equation by adding the three spatial diagonal equations becomes
where we have moved the aether term to the LHS and divided the factor (1 + 2ψ)a 2 on both sides of Einstein's Equation.
The 0i Cross terms: The 0i componant of the Aether tensor T 
Since the T matter 0i
is taken to be zero here (for a non-relativistic perfect fluid) we have the 0x-component EE
The spatial off-diagonal terms: The Aether term with i = j satisfies up to linear order
The stress-tensor of matter has no cross terms either in the case considered, so the ijcomponent of EE becomes
We can, as in the static case, identify the Newtonian potentials, φ+ψ = 0 in the absence of the anisotropic stress T aether ij , i.e, in the (magnetic) case c 1 + c 3 = 0, e.g., GR is such a special case.
We have thus obtained the perturbations of the Aether stress-energy tensor and the Einstein equation for an Aether with or without spatial terms and a Lagrangian involving a general function of the kinetic term K.
Static limit
We check our results against that of Zlosnik et al. in the static limit. In the static limit, the spatial terms of the Aether appear only at second order in all the equations.
T Aether αβ
has no cross-terms (up to linear order), so we find
So the only non-zero component of the Einstein tensor is
We have T Aether 00
so we find the equation
To see that we recover MOND Poisson equation, note The kinetic scalar K is up to second order
Zlosnik et al. (2007) set c 4 = 0. This is not needed, could miss interesting physics. We see that we can recover a MONDian regime in which ∂ i (|∂ i φ| ∂ i φ) ∝ ρ in the limit of small |∂ i φ| writing lim
, so we can get a real MONDian limit if we consider M of the same ordre of a 0 .
Homogenous and isotropic universe
We also check our results against Zlosnik et al. for the uniform universe. The only non-zero component of the Einstein tensor are
a)
We find
The vector equations gives the Lagrange multiplier
so that we get
where α is defined as α = c 1 + 3c 2 + c 3 .
We have therefore the 00 modified Einstein equation
We can also calculate
and so we get the modified pressure equation
These results are identical to that of Zlosnik et al. (2007) . The c 4 term does not contribute to uniform expansion.
Linear Models with F (K) = K
Here we generalize the linear model of Lim (2005) to include a c 4 term.
We let F (K) = K, hence F ′ = 1. Up to linear order (but 2nd order in ∂ i φ) we have
The vector equation gives the Lagrange multiplier
The 00 component of the Aether stress-energy tensor
The spatial diagonal term
The 0x component of the Aether tensor
The spatial off-diagonal terms
where the bracket means symmetric permutation of i and j.
4.5. F (K 4 ) models with c 1 = c 2 = c 3 = 0
Here we highlight the effects of the c 4 term by letting c 1 = c 2 = c 3 = 0, hence neglecting all contributions of other kinematic terms. The equations become very simple. We unify the notations by defining c 4 F ′ ≡c 4 . One can set c 4 = 1 with no loss of generality.
First we find ψ = −φ from the spatial off-diagonal EE
The 0i-component EE up to linear order becomes
Let's check the 0i Einstein Equation in Zhao (2007) in the absence of the J-term. Treatingc 4 as constant, and use ψ = −φ, the 0i equation reduces to
So the solution for the vector field is
where V is a scalar potential for the velocity vector, and Φ(x, y, z) is a time-independent potential, and a = 1 is the present epoch. So the vector field A µ = (−1 − φ, B 1 , B 2 , B 3 ) in F (K 4 ) models simply tracks the space-time metric perturbation φ, which tracks the dominant perturbation source, be it radiation or baryonic matter. Essentially the equation for the velocity potential V is that of a harmonic-oscillator with a zero spring constant, hence its growth is stablized. This agrees with the proposal of Zhao (2007) that a J-term (by setting c 2 = 0 = c 4 ) is needed for an instability-driven growth, as advocated by Dodelson & Ligouri (2006) 
Following Zhao (2007) we set the zero-point F = 0 in solar-system like strong gravity regime where K = ∞, so
Taylor expand in the limit of weak gravity K ∼ 0, we have
2a 2 ∂ i φ∂ i φ, which has no first order term, but can have a zero point constant Λ 0 , given by
wherec 4 is a function of K. As we will see Λ 0 plays the role of the cosmological constant. One can successful explain Λ 0 if the gravity has a scale O(M 2 ) ∼ O(H 2 0 ). The kinetic scalar now has only 2nd order or higher order terms, and is given by
Let's check the 00 Einstein Equation in Zhao (2007) . Using the fact that ψ = −φ from the ij Einstein Equation, we can confirm the 00 Einstein Equation in Zhao (2007) up to linear order in the quasi-static non-relativistic galaxy potential φ ∼ 1 a Φ(x, y, z) now a = 1,
which we identifyc 4 ≡ 2 − 2µ(x), and x ≡ √ K in notations of Zhao (2007) . Neglecting cosmological terms, we find a Bekenstein-Milgrom (1984) type of equation near a static galaxy at present epoch a = 1,
The MOND effect and good fit to rotation curves of nearby galaxies are achieved if we set, for example (Milgrom 1983) ,
such thatc 4 = 2 − 2K 1/2 for weak gravity regime K ≪ 1 andc 4 = 2 for strong gravity regime K ≪ 1 and set the gravity scale Mc nonlinear Poisson equations of Zlosnik et al. (2007) if c 4 = 0. Our simplest model with c 4 = 0 = c 1 = c 2 = c 3 gives particularly simple Einstein's Equations, which is easily solved for an explicit expression of the vector field. This demonstrates analytically and explicitly the metric-tracking behavior of the vector field, which is equivalent to a (dark) fluid in vacuum with a variable equation of state w = 0 in galaxies to w = −1 in late universe as a whole. These models drastically reduces the degree of fine-tuning in account for the cosmological constant Λ. Structure formation is possible because perturbation can be stored in the (dark) fluid with a four velocity (−1 − φ, B 1 , B 2 , B 3 ), but is not enhanced by the instability scenario of Dodelson & Ligouri (2006) in the absence of the c 2 or J-term (Zhao 2007) .
The generality of the equations presented here gives nevertheless the opportunity of exploring various realistic cases. With these it is in principle possible to numerically simulate structure formation and Cosmic Microwave Background to falsify these F (K) class of models in the style of Skordis et al. (2006) . Already work has started for models with c 4 = 0 (Li et al. 2007 ).
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